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Abstract 

Fix an integer fc > 3. A fc-uniform hypergraph is simple if every two edges share at most 
one vertex. We prove that there is a constant c depending only on k such that every simple 
fc-uniform hypergraph H with maximum degree A has chromatic number satisfying 

xiH) < c 



log A 



This implies a classical result of Ajtai-Komlos-Pintz-Spencer-Szemeredi and its strengthening 

' due to Duke-Lefmann-Rodl. The result is sharp apart from the constant c. 

> ■ 

l> 

5^ ■ 1 Introduction 
G\ 

CD I Hypergraph coloring has been studied for almost 50 years, since Erdos' seminal results on the 
minimum number of edges in uniform hypergraphs that are not 2-colorable. Some of the major 
tools in combinatorics have been developed to solve problems in this area, for example, the local 
^ ■ lemma and the nibble or semirandom method. Consequently, the subject enjoys a prominent place 
' among basic combinatorial questions. 



Closely related to coloring problems are questions about the independence number of hypergraphs. 
An easy extension of Turan's graph theorem shows that a /c-uniform hypergraph with n vertices 
and average degree d has an independent set of size at least cn/d^/^^^^\ where c depends only on 
k. If we impose local constraints on the hypergraph, then this bound can be improved. An z-cycle 
in a fc-uniform hypergraph is a collection of i distinct edges spanned by at most i{k — 1) vertices. 
Say that a /c-uniform hypergraph has girth at least g if it contains no i-cycles for 2 < i < g. Call 
a A;-uniform hypergraph simple if it has girth at least 3. In other words, every two edges have at 
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most one vertex in common. Throughout this paper we will assume that A; > 3 is a fixed positive 
integer. 

Ajtai-Komlos-Pintz-Spencer-Szemeredi [2] proved the following fundamental result that strength- 
ened the bound obtained by Turan's theorem above. 

Theorem 1 (|2|) Let H = {V,E) be a k-uniforni hypergraph of girth at least 5 with maximum 
degree A. Then it has an independent set of size at least 



where c depends only on k. 

Spencer conjectured that Theorem [T] holds even for simple hypergraphs, and this was later proved 
by Duke-Lefmann-Rodl [6j. Theorem [T] has proved to be a seminal result in combinatorics, with 
many applications. Indeed, the result was first proved for A; = 3 by Komlos-Pintz-Szemeredi [13] 
to disprove the famous Heilbronn conjecture, that among every set of n points in the unit square, 
there are three points that form a triangle whose area is at most 0{l/n'^). For applications of 
Theorem [1] to coding theory or combinatorics, see [15] or [ll], respectively. 

The goal of this paper is to prove a result that is stronger than Theorem [1] (and also the accompa- 
nying result of [6] ) . Since the proof of our result does not use Theorem (H it gives an alternative 
proof of all the applications of Theorem [1] as well. Our main result states that not only can one 
find an independent set of the size guaranteed by Theorem [H but in fact that the entire vertex set 
can be partitioned into independent sets with this average size. Recall that the chromatic number 
xiH) of H is the minimum number of colors needed to partition the vertex set so that no edge is 
monochromatic. 

Theorem 2 Fix k > 3. Let H = (V, E) he a simple k-uniform hypergraph with maximum degree 



where c depends only on k. 

It is shown in [5j that Theorem [2] is sharp apart from the constant c. In order to prove Theorem 
[2] we will first prove the following slightly weaker result. A triangle in a /c-uniform hypergraph is 
a 3-cycle that contains no 2-cycle. In other words, it is a collection of three sets A, B, C such that 
every two of these sets have nonempty intersection, and Ar\ B r\C = 0. 

Theorem 3 Fix k > 3. Let H = {V,E) be a simple triangle-free k-uniform hypergraph with 
maximum degree A. Then 




A . Then 
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where c depends only on k. 



The proof of Theorem [3] rests on several major developments in probabilistic combinatorics over 
the past 25 years. Our approach is inspired by Johansson's breakthrough result on graph coloring, 
which proved Theorem [3] for k = 2. 

The proof technique, which has been termed the semi-random, or nibble method, was first used by 
Rodl (inspired by earlier work in [11 [13]) to confirm the Erdos-Hanani conjecture about the existence 
of asymptotically optimal designs. Subsequently, Kim [IT] (see also Kahn [10]) proved Johansson's 
theorem for graphs with girth five and then Johansson proved his result. The approach used by 
Johansson for the graph case is to iteratively color a small portion of the (currently uncolored) 
vertices of the graph, record the fact that a color already used at v cannot be used in future on 
the uncolored neighbors of f , and continue this process until the graph induced by the uncolored 
vertices has small maximum degree. Once this has been achieved, the remaining uncolored vertices 
are colored using a new set of colors by the greedy algorithm. 

In principle our method is the same, but there are several difficulties we encounter. The first, and 
most important, is that our coloring algorithm is not as simple. A proper coloring of a /c-uniform 
hypergraph allows as many as k — 1 vertices of an edge to have the same color, indeed, to obtain 
optimal results one must permit this. To facilitate this, we introduce a collection of — 1 different 
hypergraphs at each stage of the algorithm whose edges keep track of coloring restrictions. Keeping 
track of these hypergraphs requires controlling more parameters during the iteration and dealing 
with some more lack of independence and this makes the proof more complicated. 



In an earlier paper p|, we had carried out this program for = 3. Several technical ideas incorpo- 
rated in the current proof can be found there. Because the notation in [8j is slightly simpler than 
that in the current paper, the reader interested in the technical details of our proof may want to 
familiarize him or herself with [8] first (although this paper is entirely self contained). 

The implication Theorem [3] — >■ Theorem [2] forms a much shorter (but still nontrivial) part of this 
paper (See Section 2). Our proof uses a recent concentration result of Kim and Vu [12] together 
with some additional ideas similar to those from Alon-Krivelevich-Sudakov [3]. The approach here 
is to partition the vertex set of a given simple hypergraph into some number of parts, where the 
hypergraph induced by each of the parts is triangle-free. Once this has been achieved, each of the 
parts is colored using Theorem [31 

Finally, we remark that our proof of Theorem [3l also gives the same upper bound for list chromatic 
number, although we phrase it only for chromatic number. On the other hand, we are not able 
to prove Theorem [2] for list chromatic number, since list chromatic number is not additive in the 
sense described in the previous paragraph. We end with a conjecture posed in [8j, which states 
that we may replace the hypothesis "simple" with something much weaker. 

Conjecture 4 ([8j) Let F he a k-graph. There is a constant cp depending only on F such that 
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every F-free k-graph with maximum degree A has chromatic number at most cf(A/ log A)-"^/*^^ ^\ 

Conjecture [3] appears to be out of reach using current methods. For example, the special case k = 2 
and F = K4 remains open and would imply an old conjecture of [1]. 

Throughout this paper, we will assume that A is sufficiently large that all implied inequalities hold 
true. Any asymptotic notation is meant to be taken as A ^ 00. 



2 Simple hypergraphs 

In this section we will prove that Theorem [3] Theorem [2] 

Let H = (y,E) be a simple A;- uniform hypergraph. For v £ V let its neighbor set Nh{v) be 
defined by Nh{v) = {x : 3S G E s.t. {v,x} C S}. Let dniv) denote the degree of v so that 

\Nh{v)\ = {k-l)dH{v). 

A pair x, y G Nh{v) is said to be covered if there exists S (z E that contains both x and y but not 
V. Note that H simple implies that in this case no edge contains all of v, x, y. 

Recall that k is a fixed. Let e = e{k) be a sufficiently small positive constant depending only on k. 
Theorem [2] will follow from Theorem [3] and the following two lemmas: 

Lemma 5 Fix k > 3. Let H = {V, E) he a simple k-uniform hypergraph with maximum degree 

r 2 -"I 

A. Let m = A 3^-4 . Then there exists a partition of V into subsets Vi, V2, . . . , Vm such each 
induced subhypergraph Hi = H[Vi\, i = 1, 2, . . . , m has the following properties: 

(a) The maximum degree Aj of Hi satisfies Aj < 2A/m^~^ . 

(b) If V ^ Vi then its Hi-neighborhood Ni{v) contains at most /c^A^/m^'^^^ covered pairs. (Here 

we mean covered w.r.t. Hi). 



Lemma 6 Fix k > 3 and let 5 be a sufficiently small positive constant depending on k. Let 
L = {V, E) be a simple k-uniform hypergraph with maximum degree at most d. Suppose that each 
vertex neighborhood Nl{v) contains at most d covered pairs. Let £ = d''-^ . Then there exists a 
partition ofV into subsets Wi, W2, . . . , Wi^ , £1 = 0{£) such that for each 1 < j < £1, the hypergraph 
Lj = L[Wj] has the following properties: 

(a) The maximum degree dj of Lj satisfies dj < 2d/£^~^. 

(b) Lj is triangle-free. 



n 
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2.1 Proof of Theorem [2] 



Our proof can be thought of as a nibble argument, involving two iterations, given by Lemmas [5] 
and[6l Suppose that H is a simple fe-uniform hypergraph with maximum degree A. Apply Lemma 
[5] to obtain Hi , . . . , that satisfy the conclusion of the lemma. Now fix 1 < i < m and let 
L = Hi. Lemma Opart (a) implies that A(L) < 2A/m^^^. Hence we may apply Lemma E] to L 
with d = 2A/m^~^ and 6 = e{3k — A)"^ /{k — 2). By LemmaOpart (b), each neighborhood Nl{v) 
contains at most ^ jw?^~^ covered pairs. Now 

We may therefore apply Lemma [6] with i = d}/^^^'^')^^ . Together with Theorem [3] we obtain 
Since this holds for each Hi we obtain, 

2.2 Kim-Vu concentration 

We will need the following very useful concentration inequality ([1]) from Kim and Vu [12]: Let 
T = {W,F) be a hypergraph of rank s, meaning that each f G F satisfies |/| < s. Let 

feFief 

where the Zi,i G W are independent random variables taking values in [0, 1]. For ^ C 1^41 < s 
let 

feF iGf\A 

Let Ma = E(Zyi) and Mj = max^ |^|>jM^ for j > 0. There exist positive constants a = and 
b = bs such that for any A > 0, 

P{\Z -E{Z)\>a\'y^M^) <b\W\'-^e-^. (1) 

2.3 Proof of Lemma [5] 

We will use the local lemma in the form below. 
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Theorem 7 (Local Lemma) Let Ai, . . . ,An be events in an arbitrary probability space. Suppose 
that each event Ai is mutually independent of a set of all the other events Aj but at most d, and 
that P{Ai) < p for all 1 < i < n. If ep{d+ 1) < 1, then with positive probability, none of the events 
Ai, holds. 

We will partition V randomly into m parts of size ~ |y|/m and use the local lemma to show the 
existence of a partition. We make the partition by assigning a random number in [m] to each 

Fix V (z V. To simplify notation, condition on v G Vi. Let be the event that (a) fails at v i.e. 
that V has degree greater than 2A/m^~^ in the hypergraph Hi. 

Let By be the event that its neighborhood in Hi contains more than k'^A'^/m^^~'^ covered pairs. 

Each of these events is mutually independent of a set of all other events but at most O(A^). We 
will show that 

P{Ay), P{By) = 0(A^^) and this is clearly sufficient for the application of the local lemma. 

Let be the degree of v in Hi. Then d^ has a distribution that is dominated by the binomial 
distribution Bin{A, It follows from the Chernoff bounds that 

and this disposes of A^j. 

Our goal now is to bound P{By). For a vertex x € N^iv), let Ty{x) denote the unique {k — l)-set 
containing x such that Ty{x) U {v} ^ E. A. covered pair x,y E Nh{v) will remain as a covered 
pair in Nh^{v) iff S^^y = Ty{x) U T„(y) U T C Vi where T is the unique {k — 2)-set such that 
T U {x, y} E E. Let Si, S2, . . . , Sr, r < [k — be an enumeration of the (3A; — 4)-tuples Sx^y 

as {x,y} ranges over the covered pairs in Nh{v). 

We will use the concentration inequality The edges of our hypergraph (W, F) are Si, S2, . . . , Sr 
and if X € W then Zx is an independent {0, 1} Bernoulli random variable with P{zx = 1) = 1/m. 
Note that \W\ < kA"^. 

Let denote the number of covered pairs in Nhi{v). There is a 1-1 correspondence between 
covered pairs and the 5*^. Therefore 

. , r [k-lfA"^ 

We now have to estimate Mi. 

For each set A C W, let Ya denote the number of edges of F containing A. 
Claim. \Ya\ = 0(A) \A\ < k - I and \Ya\ = 0(1) if 1^1 > k. 

Proof. Suppose that A C S £ F. Then S can be written as Ty{x) U T^iy) U T, for some 
x,y £ Nh{v). We will count the number of S containing A by the number of T^,(j;)'s and T's. 
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First, the number of S where both T^(x) and T^{y) have a vertex in A is at most 5A;^ by the 
following argument. There are (''^') < 5A;^ choices for the two intersection points, these points 
uniquely determine Ty{x) and Tv{y), and there are at most |Tt,(y)||Tt,(x)| = {k — 1)^ possible 
covered pairs, each of which determines T uniquely (if T exists). 

Now suppose that Ai^T^[y) = 0. If \A\ > k, then A must contain a vertex from T and a (different) 
vertex from Ty{x). There are at most 9k'^ choices for these two vertices. For each of these choices, 
T„(x) is determined uniquely. For each vertex in T„(x) and the chosen vertex of T f] A, there is 
at most one choice for T (since H is simple), hence the number of choices for T is at most k — 1. 
Having chosen T, there are at most k — 1 choices for T^{y). Altogether, there are at most 9A:^ 
choices for S. We conclude that if \A\ > k, then 

\Ya\ < 5A:^ + 9A;^ = 0(1). 

If \A\ <k — 1, the argument above still applies unless either A C T„(x) ox A (ZT. In either case, 
there are at most A; A ways of choosing the other part of 5 \ Ty{y) and at most k ways of choosing 
T^{y). Thus \Ya\ = 0(A) as claimed. □ 

The probability of choosing each vertex in \ A is 1/m, so for given A, the probability of a 
particular 5" D ^ is (l/m)^'^~'*~l'^L The Claim now implies that for 1 < \A\ < 3k — 4, 

Ma < max \o ( , O (- 

By our choice of m, it follows that if e is sufficiently small then 

Ml = 0(A-i/(=''=)). 



The choice of m also gives 



Mo = max{/i,Mi} < 



It follows that if we take aA^*-' ^ = ^3k-4'^]^^]^^y/2 t^ien A > A*^* where 5^ > 0. Now ^ implies 
that 

P{B^) < P{Z^ - E(Z^) > eA^/m^^-^) < b{kAy^e-^ < A'^ 
This completes the proof of Lemma [5l □ 



2.4 Proof of Lemma [6] 

This part follows an approach taken in Alon, Krivelevich and Sudakov [3]. We will first partition V 
randomly into i parts Vi, V2, . . . , of size ~ |^|/-^ and use the local lemma to show the existence 
of a partition satisfying certain properties. To simplify notation, condition on u € Vi. 

For V G V let A^ be the event that (a) fails at v i.e. that v has degree greater than 2d/£^^'^ in Li. 
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Let be the event that Nl-^{v) contains at least 200k^ covered pairs w.r.t. Li. 

Each of these events is mutually independent of a set of all other events but at most O(ci^). We 
will show that 

P{Aj;), P{B^) = 0{d^^) and this is clearly sufficient for the application of the local lemma. 

Let dy be the degree of v in Li. Then dy has a distribution that is dominated by the binomial 
distribution Bin{d, It follows from the Chernoff bounds that 



and this disposes of the A^. 
If B^, fails then either 

(i) There exists a vertex w G Nl{v) such that w is in at least lO/c covered pairs of Ni^iv), or 

(ii) Nl^ (v) contains at least 10k pair-wise disjoint covered pairs. 



and this disposes of the B^. 

So, assume that none of the events Ay, B^ occur. We show now that we can partition each Vj into 
at most AOOk^ + 1 sets, each of which induces a triangle free hypergraph. Consider the digraph Di 
with vertex set Vi and an edge directed from v £ Vi to each vertex of each of the at most 
covered pairs in Nl-^^{v). Di has maximum out-degree 400^'^ and so its underlying graph Gi is 
400/c^-degenerate and so it can be properly colored with 400k^ + 1 colors. Partition Vi into color 
classes Wi, W2, • . . , W4oofc2+i- We claim that for each s, the hypergraph L[VFs] induced by Wg is 
triangle-free. Suppose then that there is a triangle v U Ty{x),v U Ty{y),T inside L[IVs]i where T 
contains both x and y. Then {x, y} is a covered pair for v and by construction v and x are not in 
the same Wg, contradiction. □ 

3 Triangle-free hypergraphs 

In this section, which forms the bulk of the paper, we will prove Theorem [3j 
3.1 Local Lemma 

The driving force of our upper bound argument, both in the semi-random phase and the final 
phase, is the Local Lemma. Note that the Local Lemma immediately implies that every fc-graph 



P (^dy > 2d/l^-^^ 



Now 
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with maximum degree A can be properly colored with at most |'4A^/'^'^^"'^''] colors. Indeed, if we 
color each vertex randomly and independently with one of these colors, the probability of the event 
Ae, that an edge e is monochromatic, is at most ^k-i^ ■ Moreover Ae is independent of all other 
events Af unless |/ne| > 0, and the number of / satisfying this is less than kA. We conclude that 
there is a proper coloring. 



3.2 Coloring Procedure 

In the rest of the paper, we will prove the upper bound in Theorem [3l Suppose that /c > 3 is fixed 
and H is a simple triangle- free A:-graph with maximum degree A. 

Let V be the vertex set of H. As usual, we write xi^) for the chromatic number of H. Let e be 
a sufficiently small fixed positive constant (depending only on k). Let 

_ log A 

~ 100 X 

and set 



Note that q < c(A/ log A)^/'-'^""'^-* where c depends only on k. 
We color V with 2q colors and therefore show that 



X{H) < 2c 



log A 



We use the first q colors to color H in rounds and then use the second q colors to color any vertices 
not colored by this process. 

Our algorithm for coloring in rounds is semi-random. At the beginning of a round certain param- 
eters will satisfy certain properties, ^ — (|14|) below. We describe a set of random choices for the 
parameters in the next round and we use the local lemma to prove that there is a set of choices 
that preserves the required properties. 

• = [g] denotes the set of available colors for the semi-random phase. 

• C/^*^: The set of vertices which are currently uncolored. (U^^^ = V). 

• The sub-hypergraph of H induced by U^^\ 

• W^^^ = ^ \ U^^^: The set of vertices that have been colored. We use the notation k to denote 
the color of an item e.g. k{w), w G denotes the color permanently assigned to w. 
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• Hf\ 2 < i < k — 1: An edge-colored i-graph with vertex set U^*\ There is an edge 
141-^2 ■ ■ - Ui E nf^ iff there are vertices tXi+i, 1x^+2, ■ ■ ■ jUk £ W^*^ and an edge U1U2 ■ ■ - Uk & H 
with K{ui+i) = /«(ni+2) = ••• = K{uk)- For a fixed uiU2---Ui, this color is well defined 
because of the fact that H is simple. The edge ui«2 • • • is given the color (These 
hypergraphs are used to keep track of coloring restrictions). 

• Pu^ G [0, l]*-^ for n G U^^^: This is a vector of coloring probabilities. The cth coordinate is 
denoted by pi*^ (c) and = . . . , q~^). 

We can now describe the "algorithm" for computing U'^*~^^\ H^^~^^\pu^^\ given U^'^\Hf\pu \ for 
u G C/W: Let 

„ e 100 X k-^'-^ 



iO £ log A 

where we recall that £ is a sufficiently small positive constant. 

For each u G f/^*^ and c G C we tentatively activate c at u with probability 9pu\c). A color c is 
lost at u G p^u^^\c) = and p^u\c) = for i' > t if either 

(i) there is an edge UU2 ■ ■ - Uk E H^*^ such that c is tentatively activated at U2, U3, . . . , or 

(ii) there isa2<i<A; — 1 and an edge e = UU2 ■ --Ui E Hf^ such that c = /«(e) and c is tentatively 
activated aX U2,u^-, ■ ■ ■ ,Ui. 

The vertex G C/^*^ is given a permanent color if there is a color tentatively activated at u which 
is not lost due to the above reasons. If there is a choice, it is made arbitrarily. Then u is placed 
into 



We fix 



p 



We keep 

P^u\c)<p 

for all t, u, c. 
We let 

= |c : pW(c) = p| /or all w G V. 
A color in B^^\u) cannot be used at u. The role of B^^\u) is clarified later. 

Suppose that color c has not been lost at u prior to round t. Let us compute the probability that 
c is not lost at u in round t. Since for each u G C/*-*^ and c G C, the tentative activation of c at u 
is done independently of all other tentative activations, the probability that c is not lost at u due 
to (i) is 

n (i-n n (^-'''-'nfSwV 

uu2-UkeHW \ i=2 / uu2---UkeHW \ i=2 / 
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Similarly the probability that c is not lost at u due to (ii) is 

k-l 



n n i-^-n^'w 



e=uu2-UieHl*^ 
K(e)=c 



3=2 



Consequently, the probability that c is not lost at u in round t, given that it wasn't lost in any 
prior round is 



k-l 



iU 



(c)= n i-^'"'n4^(-) n n i-^^-'n<^(-) 



(3) 



K{e)=c 



The parameter q^ ^ (c) is of great importance in our proof. 
Coloring Procedure: Round t 

Make tentative random color choices: 

Independently, for all u G C/^*^ , cE C, let 



1 Probability = 9pu\c) 



Probability = I - epi\c) 

Q^*\u) = |c : 7^*^(c) = l| = the set of colors tentatively activated at 
Deal with color clashes: 



(4) 



u = < 



: 3uu2 ■■■Uk e H^*\ such that c G P| Q^*\uj) 



3=2 



> U 



c: 32 <i <k — 1 and e = UU2 ■ ■ - Ui & lif such that /c(e) = c G Q^*\u^ 

3=2 

is the set of colors lost at u in this round. 

= A(*-i)(n)ULW(u). 

Assign some permanent colors: 

Let 

^r{*)(^i) = Q^*){u) \ U B^*\u)) = set of activated colors that can be used at u. 

If \I'(*)('u) 7^ then choose c G ^'^^\u) arbitrarily. Let k{u) = c. 



11 



Update parameters: 



(a) 

(b) H^^^^ ,2<i<A; — lis the i-graph with vertex set [/(*+-'^) and edge set 

{uiU2 • • - Ui : 3nj4_i, . . . ,Uk € 1^*^*^^) with ui - ■ -Uk & H and = • • • = K{uk) = c}. 

Edge uiU2 - ■ - Ui has color c. (ff simple implies that this color is well-defined). 

(c) Pu\c) is replaced by Pu~^^\c) which is either 0, pu\c)/qu\c), or p (note that the last two are 

at least Pu\c)). Furthermore, if u G \ ?7(*+^) then by convention pu ^ = Pu~^^^ for all 
t' > t. 

In order to decide which of these three values is taken by Pu'^^\c), we perform a random 
experiment, where we replace pu\c) by a random value Pu{c)- Based on the outcome of this 
random experiment, we will decide on the value of Pu~^^\c). One of the key properties is 

E(K(c))=p«(c). (5) 

The update rule is as follows: If c G y4(*-i)(n) then pl*^(c) remains unchanged at zero. 

Otherwise, let r/i* (c) be a random variable with 

r]^\c) G {0,1} and P(??uHc) = 1) =PuHc)/p, independently of other variables. 

Then 



P'uic) 



cGLW(n) (t),, 

{t), . , , < p Case A 



(6) 



rj'^\c)p ^r^>p. Case B 

Qu (c) 



There will be 

to = log A log log A rounds. 

Before getting into the main body of the proof, we check ([5]). First observe that qu\c) is the 
probability that c L^^\u) given that c 

If pu'^ {c)/qu^ (c) < p then 

E(K(c))=#(c)^=p(*)(c). 
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Ifrf^(c)M'^(c) >^then 

E(pUc))=P^=pW(c). 
P 

Note that once a color enters B^^\u), it will be in B^*'\u) for all t' > t. This is because we update 
Pu{c) according to Case B and now P{r]u\c) = 1) = 1. We arrange things this way, because we 
want to maintain ([5]). Then because Pu\c) cannot exceed p, it must actually remain at p. This 
could cause some problems for us if neighbors of u had been colored with c. There might be an 
edge e = uu2---Uk where U2,---,Uk are (tentatively) colored c. We don't want to raise pu\c) 
and to keep it monotone, we can't allow it to drop to zero. This is why B^^\u) is excluded in the 
definition of ^^^\u) i.e. we cannot color u with c € B^^'\u). 



3.3 Correctness of the coloring 

Observe that if color c enters A^^^{x) at some time t then 7^ c since 

all i. Suppose that some edge U1U2 ■ ■ - Uk is improperly colored by the above algorithm. Suppose 
that ui,U2, ■ ■ ■ ,Uk get colored at times ti < t2 < ■ ■ ■ < and that K{uj) = c for j = 1, 2, . . . , fc. If 
ti = t2 = ■ ■ ■ = tfc-i = t then c G L^^\uk) and so K{uk) 7^ c. If there exists 1 < i < k — 2 such that 
ti < t = ti^i = ■■■ = tk-i then • • • Ufc is an edge of and K{ui+iUi^2 • • • ""fc) = c and 

so c G L^*\uk) and again ^(nfc) 7^ c. 



3.4 Parameters for the problem 

We will now drop the superscript (t), unless we feel it necessary. It will be implicit i.e. Pu{c) = 
Pu\c) etcetera. Furthermore, we use a ' to replace the superscript {t + 1) i.e. p'u{c) = Pu^^\c) 
etcetera. The following are the main parameters that we need in the course of the proof: 

In what follows ui = u and 2 < i < /c — 1: 

k 

He = ^ Puj (c) for edge e = U1U2 ■■■Uk of H^^\ 

c&Cj=l 

i 

K(e)=c 

K = -YPu{c)\ogPu{c). 

c&C 

di{u,c) = I {e : ti G e G Hi and K{e) = c} \ 

di{u) = ^^di(n, c) = degree of u in Hi 

cec 

djj{t){u) = [{e : u G e G -?/''*^}| = degree of u in 

Hit) 

d{u) = d2{u) + d-i{u) -\ h dk-i + d^{t) (u) 
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It will also be convenient to define the following auxiliary parameters: 

k 

"e(c) = JJ Puj (c) for edge e = uiU2- ■ ■ Uk of H'-^^ . 

e=uu2---Uk&HW 
k 



This gives 



S„(c) 



e=uu2—Ui&Hi j=2 
K{e)=c 



cec 
ceC 



(7) 
(8) 



3.5 Invariants 



We define a set of properties such that if they are satisfied at time t then it is possible to extend 
our partial coloring and maintain these properties at time t + I. These properties are now listed. 
They are only claimed foi u E U and they are easily verified for t = 0. 



< tA- 



CO t 



Ve G H^*\ 



(9) 
(10) 



^u,i < k^^-'^'u{l-e/Zk)\ 2<i<k-\. 



(11) 



K > -fc^'=£^(l-^/3fe)". 



T=0 



d{u) < (l-e/2fc)*A. 



(12) 
(13) 



i{u,c) < {I + 2kdf Ap''-\ 2<i<k-l. 



(14) 
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Equation (jl3p shows that after to rounds we find that the maximum degree in the hypergraph 
induced by the uncolored vertices satisfies 

A{H^^o)) < (1 _ 0/2k f^ A 

^ g-100fc2fe loglog A/2e2^ 

= ^ fl5) 

(logA)100fc2V2e2- ^ 

and then the local lemma will show that the remaining vertices can be colored with a set of 
4(A/(log A)ioofc'V2e2)i/(fc-i) + l< g new colors. 

The above invariants allow us to prove the following bounds: By repeatedly using (1 — a)(l — 6) > 
1 — a — 6 for a, 6 > we see that 

k-l 

qu{c) > 1 - 9''-'E^{c) - ^ e'-'<^uAc)- (16) 

i=2 

3.6 Dynamics 

To prove ([9]) - (jl4p we show that we can find updated parameters such that 

< A-^ (17) 

E'^ < He + A-i-^ (18) 

-9{1 - k^''e)<^u,i + 2<i<k-l. 
hu-K < k'^''^^ - O/^kY- (20) 
d'{u) < {l-e/k)d{u) + A'^/^. (21) 
4{u,c) < di{u,c) + 2ke{l + 2kef/\p^-\ 2<i<k-l. (22) 

3.7 ([I7])-(I22]) imply (ED-dH 

First let us show that ()17p ~ (l22p are enough to inductively prove that (|9|)- ()13p hold throughout. 
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Property ([9]): Trivial. 
Property I^Ui): Trivial. 

Property (jlip : Fix u and note that (jlOp and (jl3p imply 

H„ < + tA-i-^) < w(l - + A-=/^ (23) 

Therefore, 

/c— 1 

from (I20D and (El. Thus, 



K,k~i < {k- l)9uj{l - 9/2kY + (1 - 9{1 - k'^^e))k'^uj{l - 9/3kY + A'^/^ 

- ^ ' ' \k{l-9/3kY+^ l-9/3k J 

< k^{l-e/3kY+^uj. 

Now for i < A: - 2, using < k^''-'^^uj{l - 9/3k)\ 

+ (1 - 0(1 - k^''e))k^''~^''uj{l - e/3kf + A-^/l 

Factoring out the first term (*^}) (0/^^)*^^ in the sum above we are left with a sum that can be 
upper bounded by Yll^o ''"^ where < r < 9{k — \) /k"^ . Since 9 = 0(1/ log A), this geometric series 
is upper bounded by 1 + 9/k. Consequently, , is upper bounded by 

(' 1 ^'"^"(^ - ^/'^)' + ? - (2) [pi^'^^^ 

+ (1 - 9{l - k^^e))k^^-'^'uj{l - 9/3kf + A-^/3 

< fc^^-^Vl - 9l3k)^^'u: ' - f ^V'^ (1 - ^/^^)^ + 0(l + W + 2(l-g(l-fc^M) \ , ^- 

< ^---(1 - 9/3kr^. (^-Oi^-^k^'e)+Om\ ^ 

^ ' ^ V 2(l-0/3A:) J 

<e''~^\l-9/3kY+^u;. 
Property ([H]): Trivial. 
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Property i^: If d{u) < (1 - 6'/2A;)*A then from we get 

1-— A 1-— A + A^/^ 

2k J 2k \ 2k J 

<- {-iT- 

Property p^ : 

d'i{u,c) < (1 + 2k9YAp^-' + 2ke{l + 2fce)*A/-* = (1 + 2kef+^/\p^~' 

To complete the proof it suffices to show that there are choices for 7^4(0), ryu(c), u G U,c £ C such 
that (II7D-(I22I) hold. 

In order to help understand the following computations, the reader is reminded that quantities 
Eu,^u,i,uj,0~^ can aU be upper bounded by A°(i). Note also that in ([H]) , {l + 2k0Yo = log'^(i) A = 

3.8 Bad colors 

We now put a bound on the weight of the colors in B{u). 
Assume that (I9l)-([13D hold. It follows from that 



,2fc Se^logA 

1=0 

Since Pu\c) = l/q for all n, c we have 



/.f - /.w < e^sY^ii - em = 3k X k^'u. = (24) 

i=0 



c 

= - j;pW(c)logpW(c) - (logl/g) j;(#(c) -pW(c)) 

c c 

> - E Pn (c) log (c) - t A-^ log A. 



where the last inequality uses 

Plugging this lower bound on hu^ into ()24p gives 



3e2 log A 



100 

> - E ^« ^ ^'-"^ - log A + (c) log (c) 

c c 

= ^^,W(c)log(pW(c)M0)(c)) -tA-logA. 
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Thus, 

Y.P^^Hc)log{p^\c)/p(^Hc)) < + (25) 

c 

Now, all terms in ([25|) are non-negative {pu\c) = or pu\c) > pu\c)). Thus after dropping the 
contributions from c ^ B{u) we get 

^^^+A-/2 > 5: P«(c)log(pW(c)M°)(c)) 

c6-B(u) 

= Yl Pl*Hc)log(M)= ^ pW(c)log(A-"°(i)) 

c6-B(w) ce-B(«) 

> ^ep„(5(n))logA. 



So, 



PuiBiu)) < ^. (26) 



3.9 Verification of Dynamics 

Let ^J^u) - ^22l('") be the events claimed in equations (fT7|) - (p2]) . Let £■(«) = ^YY](n)n- • -ri^^u)- 
We have to show that P\^^jj£{u) has positive probability. We use the local lemma. Each of the 
above events depends only on the vertex u or its neighbors. Therefore, the dependency graph 
of the £{u), u E U has maximum degree A*^^^) and so it is enough to show that each event 
S^Yfju), • • • , ^22]('")' u has failure probability e~^"*^' . 

While parameters Su,<I>u etc. are only needed for n G [7 we do not for example consider 
conditional on n E U' . We do not impose this conditioning and so we do not have to deal with it. 
Thus the local lemma will guarantee a value for H^, u G U \U' and we are free to disregard it for 
the next round. (We will however face this conditioning for other reasons, see ()36p ). 

In the following we will use two forms of Hoeffding's inequality for sums of bounded random 
variables: Suppose first that Xi,X2, ■ ■ ■ , Xm are independent random variables and \Xi\ < ai for 
I <i <m. Let X = Xi + ^2 4 h Xm- Then, for any t > 0, 

max{P(X - E{X) > t), P{X - E{X) < -t)} < exp . (27) 

We will also need the following version in the special case that Xi,X2, ■ ■ ■ ,Xm are independent 
[0,1] random variables. For a > 1 we have 

P{X >L)< (3/a)^ (28) 

for any L > aE(X). (We replace e by 3 as the symbol e is over-used in the paper). 
For proofs, see for example Alon and Spencer [4j, Appendix A and Lugosi \16\ . 
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3.9.1 Dependencies 

In our random experiment, we start with the pu(c)'s and then we instantiate the independent 
random variables 7^(0), r/„(c), tt € f7, c G C and then we compute the Pu{c) from these values. 
Observe first that Pu{c) depends only on 7i,(c), r/„(c) ioi v = u 01 v a, neighbor of u in H. So Pu{c) 
and p'^{c*) are independent if c 7^ c*, even if u = v. We call this color independence. 

Let 

Ni{u) = {{u2,U3, . . . ,Ui} QU -.BeeH s.t. {u, U2, . . . , Ui} C e} . 
We shorten N2{u) to N{u). 

If / = {u2,U3, ...,Ui} G Ni{u) and / > i, then E^j^i = {e e Ni{u) : e ^ f U {u} , e e Hi}. 
Next let 

N^,l{u) = {f = {U2, ...,Ui}CU: / G Ni{u) and E^j^i / 0} , 2<i<l<k. 

In words, Ni^i is the collection of i-sets containing u that are subsets of edges of Hi. 
In these definitions Hf^ = H^^'\ 
For each v G N{u) we let 

Cu{v) = {ceC: 7„(c) = 1} U L{v) U 

Note that while the first two sets in this union depend on the random choices made in this round, 
the set B{v) is already defined at the beginning of the round. 

We will later use the fact that if c* ^ Cuiv) and 7^(c*) = 1 then this is enough to place c* into 
^{v) and allow v to be colored. Indeed, we only need to check that c* A^^^^\v) as it will then 
follow that c* A{v). However, jvic*) = 1 implies that Pvic*) ^ from which it follows that 

Let y„ = J2cP-"i'^)^c£Cu{v) — Pv{Cu{v)). Cu{v) is a random set and Yu is the sum of q independent 
random variables each one bounded by p. Then by ([7]), ([S]) and (|16|) . 

E(y.) < ^P.(c)P(7Uc) = 1) + ^p,(c)(l - q,{c)) +p,{B{v)) 
cec c&c 

k-l 

< eY,Pu{c)Pv{c) + 9^-'E, + ^ 0^-1$,,, + p,{B{v)). 

c£C 1=2 

Now let us bound each term separately: 

cec 

Using (fTO|) we obtain 

6 6 3 
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Using ([TT]) we obtain 



k-l k-l 



,2k-2i 



cj(l - 0/3kY < k^^-^e. 



i=2 i=2 



Together with P{B{v)) < e/10 we get 



E(y,) < (A:- 



,2fe-l 



+ l)e. 



Hoeffding's inequahty then gives 



P(y„ > E(y„) +p)< exp <^ — % \ < e 




Taking p = A say, it fohows that 



P{Pv{Cu{v)) > {k' 



,2fc-l 



+ 2)e) = P(n > (A;' 



.2k-l 



+ 2)e) < e 



_Ai/2fc 



(29) 



Let £fp9\ be the event {pt,(C„(7;)) < {k'^^ ^ + 2)e}. 

Now consider some fixed vertex u & U. It will sometimes be convenient to condition on the values 
7a;(c), r/a;(c) for all c G C and all x ^ N{u) and for x = u. This conditioning is needed to obtain 
independence. We let C denote these conditional values. 

Remark 8 Note that C determines the set Cu{v), and hence it also determines whether or not 
S(29\, occurs. Indeed, if juic) = 1, then c G Cu{v). On the other hand, if ^u{c) = then whether 
or not c € L{v) depends only on colors tentatively assigned to vertices not in N{u). This uses the 
simplicity and triangle- freeness of H . 

Given the conditioning C, simplicity and triangle freeness imply that the events {v ^ f/'}, {w ^ U'} 
for v,w £ N{u) are independent provided u, v, w are not part of an edge of H. Indeed, triangle- 
freeness implies that in this case, there is no edge containing both v and w. Therefore the random 
choices at w will not affect the coloring of v (and vice versa). Thus random variables p'^{c),p'^{c) 
will become (conditionally) independent under these circumstances. We call this conditional neigh- 
borhood independence. 

3.9.1.1 Some expectations 

Let us fix a color c and an edge uiU2 ■ ■ ■ € H (here we mean H and not H^^^). In this subsection 
we will estimate the expectation of E (j^^j=iP'ujic)j for 2 < i < k in two distinct situations. 

Case 1: i = k and uiU2 ■ ■ - Uk € ff^*). 
Our goal is to prove that 




(30) 
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If c G [j']=iA(^-^\uj) then U''j=iPu,ic) = 0. Assume then that c ^ Uj=i ^^^-^H^^j)- ^ Case B of 
dl]) occurs for any of ui, U2, . . . , Ufc e.g. then 

A; \ / k-l 



E n<(^) ^""^ Bfork]=E[ nK,(c) Pn,(c). 



(31) 



This is because in Case B the value of iju,. (c) is independent of all other random variables and we 
may use ([5]). One can see then that we have to prove something slightly more general than ()30p . 
So we now aim to show that 



(32) 



assuming that 1 < i < k and that there is an edge uiU2 ■ ■ ■ Uk € H^^^ and that Case A of (l6|) 
happens for Uj,c, 1 < i < i- The case i = 1 follows from ([5]) and so we assume that i > 2. By 
simplicity, Uj+i, . . . , are determined by ui, U2, . . . , u^. 

Now YYj=iPuj(.'^) — unless c ^ U}=i-^(^i)- Consequently, 



=1 



Furthermore, 



P I c ^ U L(n,) 
i=i 



7n,(c)=0,l<i<A; = ll\qu,{c)il-e'^-'llp^^,ic) 



< (l + 2fc0'=-V-i)];jg„^.(c 



< (1 + 2A;^2^2)[];^^^(^) 
j=i 



On the other hand we will show that 



(33) 



P c ^ U L{uj) 3l<j<k:ju,{c) = l] < P c ^ IJ L{uj) 



iuAc) = 0,1 <j < k 



(34) 



This is intuitively clear, since color c is at least as likely to be lost at Uj if it is tentatively activated 
at some Uj'. Indeed, to see this formally, partition the probability space Q of outcomes of the 7's 
and ry's into the sets r2ej^,,,^£j. in which 7uj (c) = ej G {0, 1} for I < j < k. Let ^^g^^,,,^^^. be the set of 
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outcomes in rig^^...^^,, in which c ^ U}=i L[uj). Now consider the map / : ^ei,...,ek ~^ o which 
just sets 7nj (c) to for 1 < J < k. Then if vrj = 6puj{c) and vr^ = 1 — vr j 



pR,...,.j_n-=ivr;^ _ p(^^k,...,ej 



If c ^ U}=i ^(""i) ^iid 31 < J < A; such that 7nj (c) = 1, then we still have c ^ U}=i ^Wj) if we 
change 7mj(c) to for 1 < j < /c and make no other changes. Consequently, /(f^e^,...,ej.) ^ ^^o...o 
and we have 

P(^^0,...,o) > P(/(^^e„...,eJ) P(f^ _ P(^e„.. 



P(1^0,...,0) - P(^^.i,...,eJ P(^^0,...,0) P(^^.i,...,.J 

which is (|3T 



It follows that 

P I c ^ U ^(^.O I < (1 + 2A:0¥) n (35) 

and in combination with ([33]) this proves (|32p and hence ()30p . 
Case 2: e = uin2 • • • Uj € -ffj, K;(e) = c. 
Our goal is now to prove 

E ( nPn, (c) X lu,,u,,...,u,&' ) < (1 + fc^p) nPn, (c). (36) 

Suppose that p'^^ (c) is determined by Case A of ([6]) for 1 < i < ^ and by Case B otherwise. We 
factor out nj=«+i P"j ('^) in ([3T|) and concentrate on bounding 

,U2,...,Ui&J' 

\j=l 

I , N 

= n^^ ^ P(c^L(7Xi)U---L(^xz) Ani,...,n, G [/') 
<ll^^xP{c^L{ui)U---L{ui)) 

^ n ^ ^(^i) U • • • ^(«/) I 7n,(c) = ■ • • = luAc) = 0) (37) 

< (l + fc^p) J];p„^.(c) (39) 



22 



and ([36]) follows. 

Explanation: Equation (|37|) follows as for (|34p . Equation (|38p now follows because the events 
c ^ L{uj) become conditionally independent. And then P(c ^ L{uj) \ 7uj(c) = 0) gains a factor 

(i-^^-'n,vjPn,(c))~'<(i-0p)-^ 

3.9.2 Proof of ([1 



Given the Pu{c) we see that if Z' = J2ceC P'ui'^) then E(Z') = X]ceC^'«('^)- This follows on using 
([5]). By color independence Z' is the sum of q independent non- negative random variables each 
bounded by p. Applying ([27|) we see that 



P(|Z' - E(Z')| > />) < 2exp j-^l = 2e 
We take p = A^^ to see that ^yfju) holds whp0. 



-2p2Al/('=-l)-2e-o(l) 



3.9.3 Proof of ([T8]) 

Given the Pu(c) we see that by (pOjl . Hg has expectation no more than He(l + 2k6'^fP') and is the 
sum of g independent non-negative random variables, each of which is bounded by p^. We have 
used color independence again here. Applying ([27j) we see that 

^ - , n,_/l2-^fcN , ^/^N ^ / 1 ^ p2^(2fe-l)/(fc-l)-2te-o(l) 



P(H', > He(l + 2fceV) + /,/2) < exp { } < e 



32-2 ^ u I ^ , ^ \ /i2 --2 1 



We also have 

We take p = A^^^^ to obtain 

P(H;>He + A-i--)<e-^"''' 

and so ^i^ju) holds whp. 



3.9.4 Proof of ([20]) 

Throughout this section ui = u. Recall that 



= J2 l«(e)=c n ^"i ('^^ 

cGC e=uu2---Ui£Hi j=l 



^By whp, with probability, we mean with probability 1 — e 
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If {u2, . . . , , Ui} G Ni{u) and e = UU2 ■■■Ui ^ Hi then K{e) is defined to be ^ C. Now 

e=uu2--UieHl j=l e=uu2---UieHi j=l 

If e e Hi and K{e) = c then e G i/^' is equivalent to K'{e) = c. If ^(e) / c but /t'(e) = c then the 
edge of H containing u,U2, ■ ■ ■ ,Ui has some other vertices in U that will be colored with c in the 
current round. Consequently, the above expression is 



k 

l=i+l 



where 



^1 = E E i.'(e)=cn^'«.(^)-np-.(^) 

c€C e=uu2---Ui&Hi \ j=l j=l 

K{e)=c 

i 

D2,k = X E lK'(u«2-Wi)=C 

^2,i = E E ^K'{uu2-Ui)=cYlPuj(.c) i + l<l <k-l. 

cGC {u2,-Ui}eNi^l{u) j=l 

k{uU2- ■ ■Ul)=C 

Here Di accounts for the contribution from edges leaving Hi and Z?2,i+i) • • • )-D2,jt account for the 
contribution from edges entering H^. 

We bound E(L'i) and E(D2,i+i), • • • , E(D2,jk) separately. 



^1 = E E [^^'ie)=c\{p'u,{c)-\{pu,{c) 

ceC e=uu2---Ui£Hi y j=l j=l 

K(e)=c 

= -E E ri^'«.(-) + E E (llPuM-tiPuM 

cEC e=uu2---UiEHi j=l c&C e=uu2---UiEHi \j=^ j=l 

K{e)=c K{e)=c 
K'{e)j^c K'{e)=c 

Now suppose that > 2 : uj ^ U' . This means that Uj has been colored in the current round 
and so e H[. So /«'(e) 7^ c is implied by 3j > 2 : Uj ^ U' and more simply it is implied by 
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U2 ^ U' . Conversely, if e G then ui,U2, ■ ■ ■ ,Ui G U'. Therefore the prior expression is bounded 
from above by 



where 



cGC e=uu2---Ui£Hi j=l 
K(e)=c 



t(e)=c 



c£C e=uu2---Ui£Hi \ \j=l j=l 



Suppose that e = UU2 ■ ■ - Uk € H and Uj+i, iij+2i • • • , ^fe ^ U and ^(nj+i) = • ■ ■ = K(ufc) = c. Let 
V = U2- Recall that 

Cu{v) = {ceC: 7„(c) = 1} U L{v) U 

If there is a tentatively activated color c* at (i.e. Jvic*) = 1) that lies outside Cu{v) U {c}, then 
c* € ^'(t;) and will be colored in this round (recall that we had argued earlier that c* A^^~^\v)). 
Therefore 

P{v iU'\C)> P(3c* i Cu{v) U {c} : 7,(0*) = 1 [ C). 
We have introduced the conditioning C because we will need it later when we prove concentration. 
So by inclusion-exclusion and the independence of the 7i,(c*) we can write 

E {l^^v I C) > P(3c* i Cu{v) U {c} : 7.(c*) = 1 | C) 

> E P{lv{c*) = l\C)-\ E P(7.(cI)=7.(c^) = l|C) 

c*^C„(»;)U{c} c*^c|^C„(t))U{c} 
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Now 



c*^C„(«)U{c} \c*^C„{i;)U{c} 



E op,{c*) = ^0p,(c*)- E ^^^-(^*)- 

c*<^Cu(v)VJ{c} c*&C c*<^Cu{v) 

> e{l-p,{Cu{v))-e/2) 



where we have used ([9]) . Also by ^ and the definition of p we have 

E^^^(c*) < l + (i + l)A-^ < 1.1. 
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Consequently 



\c*iCu{v)U{c} I 



Vc*0C„{»;)U{c} / 



2 

Putting these facts together yields 

E(l,^t/. \ C)>Q(\-v,[C^{v))-e). 

Therefore 

j 

Epi,i |C) >0(l-p,(C„(t;))-e)E E \{vu,{c) = Q(\ - VviPuiv)) - e)^u^i. 

c£C e=uu2---Ui(iHi j=l 
K{e)=c 

Given C, Remark [8] implies that either holds for all outcomes in C, or fails for all outcomes in 
C. So, 

E(I)i,i I C) > 9{1 - (fc^'^-i + 3)e)^>„,i, for C such that £^ occurs. (40) 
We now consider Di^2- It follows from (jllj) that ^u,i < k'^^~'^^u>. Together with p6p . this gives 

E(L>i,2) < k<^u,iOp < k^hp. (41) 

E(I?2,fc): 
Recall that 

i 

c&C {u2,...,Ui}i^Ni^k{u) i=l 

Instead of summing over sets in Ni^k{u), we may sum over edges UU2 ■ ■ ■ € H^^\ and then over 
subsets of these edges that lie in Nijc{u). Thus 

^2,fc = E E E 1k'(/uw)=c n 

cec uu2-UkeHW /c{«2,--,'"fc},l/l=«-i Mje/u{«i} 

Fix an edge UU2 ■ ■ ■ G H^^\ If Uj+i, . . . ,Uk are colored with c in this round, then certainly c 
must have been tentatively activated at these vertices. Therefore, 

(i \ / k i 

j=l J \j=i+l j=l 

< 0'-' n p-.(^) ri TT^p h ^ u ^(^^•) A = 1) 

j=i+i j=i ^ ^ Y j=i j=i+i 

< 0'^-^ n p„^,(c) n I c ^ U i(n,) 1 (42) 



k 

< e''-'l[pu^{c){i + 2keY)- (43) 
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We use the argument for to obtain (^2]) and ([35|) to obtain (|i3|) . 
It follows that 



Ep2,fc) < Q_ + 2feeV). (44) 



Recall that 



^2,Z = lK'(««2--Ui)=c n^^j^'^^- 

Fix an edge uu2 ■ ■ - Uk € H with uu2 ■ ■ ■ ui £ Hi. Then arguing as we did for (j43p we have 



It follows that 



3.9.4.1 Concentration 



E{D2,i) <(^._ + 2kdY). (45) 



We first deal with Di^i. For this we condition on the values 7w(c),r/^(c) for all c € C and all 
w ^ N{u) and for w = u. Then by conditional neighborhood independence Di^i is the sum 
of at most di{u) independent random variables of value at most p*. By ([HI), we have di{u) < 
q{l + 2/c6')*Ap'=-* = Ai+i/('^-i)+o(i)p*=-\ So, for p > 0, 

PiD,, - EiD,, I C) < I C) < exp {-^} < {- ^.^^J^,^^} < e^-- 



So, by m, 

P{Di,i < e{l - {k^^-^ + 3)e)$„,, - A-i/2fe) 

= P(L»i,i < 9{l - (fc2^-i + 3)e)$„,, - A-i/2fc I c)P(C) 
c 

< ^ - + - I C)P(C) + P(-^09j) 

C:E^^ occurs 
C.Sj^gl occurs 

= e-^"'^ (46) 
Now consider the sum Di^2- Let 

(i i 

K(ej=c 
K'(e)=c 
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Di^2 is the sum of q independent random variables Yc satisfying <Yc < dcP^ where dc = di{u, c). 
Note that (HH) imphes 4 < A'^+"^'^^p''-\ 

So, for p > 0, 

O/n cm \ ^ ^ ^ / ^^^1^ / "^P^ \^ _ 2^1/(fc-l)-2fce+o(l) 

We take /? = A'^^fc ^.^ ^^^^^ P(I?i,2 > 2A"i/2*=) < e"^". Combining this with ([MD we see that 
P{Di > -9(1 - (fc^^-i + 3)e)<^>u,^ + 3A-V2fc) 

< P(^i,i < 0{1 - (A;2^-i + 3)£)^>„,i + A-^/2fc) ^ p(^^^^ > 2A-i/2'=) 

<e-^"'^ (47) 

We now deal with the D2^i. There is a minor problem in that the 1)2,/ are sums of random variables 
for which we do not have a sufficiently small absolute bound. These variables do however have a 
small bound which holds with high probability. There are several ways to use this fact. We proceed 
as follows: First assume I < k — 1 and let 

i 

D2,l,c= ^ ^K'{uu2-u,)=cY\.Puji'^) 

{u2,U3,...Ui}&N^^l{u) j=l 
k{uu2- • •ui)=c 

which we re-write as 

D2U = ^ Ze, 

e=uu2--ui£Hi 
K,{e)=c 

where 

Zuu2-ui = ^ 1k'(SU{u})=c JJ Pujic)- 

Sc{u2,U3,---Ui} UjeSU{ui} 
\S\=i-l 

Then we let 

D2,i = {(1 + 2fce)*A/, D2,i,c} . 

c&C 

Observe that D2^i is the sum of q independent random variables each bounded by (1 + 2k6YAp^. 
So, for p > 0, 

P(«« - E(P.,) > .) < exp{-^5^} < 

We take p = A^^/^fc 

P02,/ > E(^2,/) + A-i/^'^) < e-^\ (48) 
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We must of course compare D2^i and D2.i- Now D2.1 7^ D2.1 only if there exists c such that 
D2,i,c > (1 + 2k9f/^p^. For each c, -D2,«,c is the sum of the di{u,c) < (1 + 2k9f/^p^^^ variables 
Ze, e e Hi. Each Ze is bounded above by (■ij)^' and E(Ze) < (■11)61'-^. This is because Zf. is 
bounded by the sum of ('Zll) variables ^e,5) each taking the value or p*. Here Zf>^s corresponds 
to some S = {u2,u^, ■ ■ - Ui} C {n2, M3, . . . n^}. Furthermore, P(^e,s = p') < {6pf~^ because this 
will happen only if the vertices in S tentatively choose c. 

H being simple and triangle free, if we condition on C then the random variables Z^ become 
independent. 

Now put Xe = Ze/{{\Z\)P') and X = Y.e ^e- We see that < < 1 and E(Xe) < (^p)'"*. 

We now use ([28]) with a = 1/ {{\z\)0^'') and E(X) < {l + 2kef /\p^~^ x {epy-' = ■ This 

gives 



P(^2,/,c > (1 + 2keYAp^ \c)<p{x> 



\ Op' 

Therefore 



P{D2,i + B2,i) < • ^2,/,c > (1 + 2fc0)*A/ I C)P(C) 



c 



< (49) 
It follows from ([Ml) and i)2,« < ^2,1 < A that 

|Ep2,0 - E(^2,z)| < AP(I)2,« 7^ D2j) < Aqe-^' < A'^I^K 
Applying (gSD and ([MD we see that 

P[D2,i > E(Z)2,«) + 2A-i/2fc) < P(^2,« > E(D2,/) + A-i/^'^) + p(D2,i / ^2,0 < 2e-'^'' . (50) 

We must now deal with the case oil = k i.e. 

i 

D2,k,c= ^ '^K'(uu2-Ui)=c'[[Puji<^) 

{u2,U3,...Ui}€Ni^f,{u) j=l 

D2,k = min I Ap'^, L>2,fc,c} • 

cec 

D2,k,c = J] 



and 



We re-write 
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where for 5 = {u2,U3, . . . Ui}, 

i 

e'DS,e£HW i=l 

Now we view -D2,fc,c as the sum of at most A random variables, each of which is bounded by (^)p' 
and has expectation bounded by (l'^9^~'^p^ . We now simply follow the argument for / < A; by taking 
I = k to show that 

P{D2,k > HD2,k) + 2A-V2fc) < 2e-^^ (51) 
Indeed, (08]) holds with I = k. Then 

P{D2,k + D2,k) < qP (Bin (a, {Opf-^) > A/^^) < q (w''-^)'^'' ' < e-^\ 

Combining (jSOp and (jSip with ()47p we see that whp, 

^ i=i+i ^ 

+2fcA-i/2'= + 2fc^V(^Q:^^)^'=-^H.+ E (Ji)^'"^"'') 

^ (^ri)^'"'^"+ E (.^-^)^'"*'^«,z-^(l-(^^''"' + 3)e)$«,. + A-^ 
This confirms ([20]) . 
3.9.5 Proof of ([20]) 

Fix c and write p' = Pu{c) = p(3. We consider two cases, but in both cases E(/3) = 1 and [j takes 
two values, and l/P(/3 > 0). Then we have 

E(-p'logp') = -plogp-plog(l/P(/3 > 0)). 

(i) p = Pu{c) and /3 = 'Juic) / qu{c) and 7tt(c) is a {0, 1} random variable with P(/5 > 0) = qu{c). 

(ii) p = Pu{c) = p and /3 is a {0, 1} random variable with P{f3 > 0) = Pu{c)/p > Quic)- 

Thus in both cases 

E(-yiogp') > -plogp -plogl/g„(c). 
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Observe next that < a, 6 < 1 implies that (1 — ab) ^ < (1 — a) ^ and — log(l — x) < x + x"^ for 
< X < 1. So, from ([3]), 



fc-i 



logl/Q„(c) < -H„(c) log(l- 0^-1) -^<&,,i(c)log(l- 0^-1) 

i=2 
k-l 



i=2 

Now 



E(^«-^D < -X]^'"('^)^°SP«(c) - E ^^-p;(c)logp;,(c)^ 

- X] log^'«(c) - -Pu{c) logpuic) - Pu{c) log l/qu{c)j 

= ^Pu{c) log l/qu{c) 

c 

k-l 

c c j=2 



1=2 

k-l 



i=2 



Given the Pu{c) we see that h'^ is the sum of q independent non- negative random variables with 
values bounded by — plogp < /S.~^/^^~'^'>^''^"'^^\ Here we have used color independence. So, 



g-2p2Ai/* 



I qipiogpy } 

We take p = e(l - e/Skf > (log A)-'^(i) to see that hu - K < k^^eil - e/Skf holds whp. 



3.9.6 Proof of (EI 



Fix u and condition on the values 7u;(c), r/^(c) for all c G C and all w ^ N{u) and for w = u. Now 
write n ~ f to mean that {n, v} lies in an edge of or some Hi. Then write 

Zu = d{u) - d'{u) > j^-j ^ Zu,v where Zu,v = l«^c/'- 
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Now, for e = UU2 ■ ■ - Uk G i^^*^ let Zu^e = Z]^=2 ^u,uj and if e = UU2 ■ ■ - Ui G i/j let Zu^e = 
Sj=2 ■^u.tij • Conditional neighborhood independence implies that the collection Z^^e constitute an 
independent set of random variables. Applying ([27|) to Z^ = ■^u,e we see that 

P(Z„ < E(Z„) - < exp |-(^^^} = e-^^^V(^•-)^ (52) 

and so we only have to estimate E(Zu). 

Fix V ^ u. Let Cu{v) be as in (j29p . Condition on C. The vertex ?; is a member of U' if none of the 
colors c ^ Cu{v)) are tentatively activated. The activations we consider are done independently 
and so 

P(^e^7'|C) < n {^-^Pv{c)) (53) 

ciCu(v) 

< exp ^ - ^ Op^{c) 

< ei^v{-0{l-t/\-') + ep,{Cu{v))] 
If f'jggj occurs then p,;(Cu(f )) < k'^^e. Consequently, 

P{v^U')> Yl (l-exp{-0(l- A~^) + A:2'^e^}) P(C), 

C:£i29l occurs 

where the sum is well-defined due to Remark [8l Since — > as A — > cxo, and e is sufficiently small, 
1 - exp {-0(1 - A-^) + k^'^eO^ > 1 - g-^^^-^fc^'^e) ^ q^-^ _ ^j^2k^-^ ^ q^-^ _ ^/^2)_ 

Recall that (|29p shows that 

P{8^ fails) < e-^'"' <l/k\ 

Therefore 

p{v ^u')>e{i-i/k^) p{e)> e{i-i/k'^f > e{i-i/k). 

Cifj^gJ occurs 

This gives 

E(Z„) > i^^) 

and (121]). 



3.9.7 Proof of ^ 

Observe that if e = uu2 ■ ■ ■ Ui ^ H[\Hi and K'{e) = c then either 
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(i) there exists l<j<k — i — 1 and vertices Uj+i , . . . , Uj+j and an edge UU2 ■ ■ ■ Ui-^.j G -f^i+j such 
that "Uj+i, . . . , Ui+j get colored in Step t with c and so 7ui+i(c) = • • • = 7uj_,_j (c) = 1 or 

(ii) there exists UU2 ■ ■ - u^ G .ff^*^ such that Uj+i, . . . ,Uk all receive the color c and so Jm+iic) = 
• • • = 7wfc(c) = 1- Hence, 

d[{u) - di{u) <^Zj 

where for j <k-i-l, Zj < Bin{{l + 2keyAp^-'-^, {^~'){6pV) and Z^..^ < Sin(A, (^) 
If i < — 1, then the Chernoff bound 

Pr{Bin{n,p) > 2np) < e""**/^ 

implies that for I < j < k — i, 

p (^Zj > 2(1 + 2keY 7 e^Ap''-'^ < e-^\ 

Similarly, 

PiZk-i > 2(1 + 2k9Ye''-'Ap^'') < e-^\ 

Therefore whp 




= 2(1 + 2A:e)*A/-*((l + 6)^-' - 1) < 2k9{l + 2kefAp''-\ 

3.10 List Coloring 

Here we describe the small modifications needed to our argument to prove the same result for list 
colorings. Each vertex v starts with a set of 2q available colors. Choose for each v a set 
Bv ^ Ay where \B,u\ = q. Let now C = Udsv^''- initialise Pv{c) = g~^lcgB^, and follow the 
main argument as before. When the semi-random procedure finishes, the local lemma can be used 
to show that the lists Ay \ By can be used to color the vertices that remain uncolored. 
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